
Fourier Analysis

Fourier Analysis Introduction

Fourier Sum

f(t) =
a0
2

+

∞∑
m=1

am cos(mωt) +

∞∑
m=1

bm sin(mωt)

Fourier Coefficients

a0 =
2

T

∫ T

0

f(t)dt

am =
2

T

∫ T

0

f(t) cos(mωt)dt

bm =
2

T

∫ T

0

f(t) sin(mωt)dt

Rewriting with Eulers Formula

f(t) =

m=∞∑
m=−∞

cne
−imωt

cm =
1

T

∫ T

0

f(t)eimωtdt

For Non-periodic Functions

f(t) =

∫ ∞
−∞

g(ω)e−iωtdω

g(ω) =
1

2π

∫ ∞
−∞

f(t)eiωtdt

Fourier s integral theorem

f(r) =
1

(2π)3

∫ ∞
−∞

A(k)eik·rd3k

A(k) =

∫ ∞
−∞

f(r)e−ik·r d3r

Periodic boundaries

If the function f(r) is such that

f(r) = f(r + LR)

[For some positive integer L and lattice vector R.
Then/F̊ar n̊agot positivt heltal L och gittervektor R.
D̊a h̊aller att]]

f(r) =
1√
V

∑
k=G

L

ck · eik·r

ck =
1√
V

∫
V

f(r) · e−ik·r d3r

Where G is the reciprocal lattice vector and V =
L3|a1 · (a2 × a3)| = L3Va. The functions 1√

V
eik·r is

a complete orthonormal basis in V .. If the volume V
is large, the sum can be replaced by an integral:∑

k

→ V

(2π)3

∫
d3k

Dirac Delta Function∫ B

A

f(x)δ(x− x0) dx =

{
f(x0) if A < x0 < B

0 otherwise

If f(x) is a ”nice” function.

δ(f(x)) =
∑

∀i;f(xi)=0,f ′(xi)6=0

1

|f ′(xi)|
δ(x− xi)

δ(x− x0) =
1

2π

∫ ∞
−∞

eik(x−x0) dk

Kronecker Delta

δn,m =
1

2π

∫ π

−π
eiφ(n−m) dφ =

{
1 n = m

0 n 6= m

1


