
Operators

Linear Operator

F (aΦ1 + bΦ2) = a · FΦ1 + b · FΦ2 ∀Φ1,Φ2

Eigenvalue, Eigenfunction

Fun = fnun

un is a eigen function to the operator F with cor-
responding eigenvalue fn.

Hermitian Operator∫
(Hu) ∗ v d3r =

∫
u ∗Hv d3r, ∀u, v

A hermitian operator has real eigenvalues and cor-
responding eigenfunctions can be choosen to be or-
thonormal. Practically all operators in quantum me-
chanics are linear and hermitian.

Eigenfunction Expansion

ψ(r) =
∑
n

anm · un(r), an =

∫
un ∗ ·ψ · d3r

Expansion Postulate

At a meassurement of an observable F on a system
described by a wavefunction ψ only eigenvalues of
the operator F can be found. The probability of the
result F = fn is given by

P (F = fn) =

∣∣∣∣∫ un ∗ψ d3r

∣∣∣∣2 , Fun = fnun

Momentum Operators
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∂ϕ

L2 and Lz have normalized eigenfunctions
Υm
l (θ, ϕ) for which it holds that:
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Commutators and Momentum Operators

εijk =


1 ijk even

−1 ijk odd

0 otherwise

[xi, pj ] = i~ · δij

[xi, Lj ] = i~ · εijk · xk

[Li, Lj ] = i~ · εijk · Lk

[xi, xj ] = [pi, pj ] = 0

[pi, Lj ] = i~ · εijk · pk

J+ = Jx + iJy

J− = Jx − iJy

1



J±J∓ = J2 − J2
z ± ~ · Jz

[J+, J−] = 2~ · Jz

[Jz, J±] = ±~ · J±

J+φj,m =
√

(j −m)(j +m+ 1 · ~ · φj,m+1

J−φj,m =
√

(j +m)(j −m+ 1 · ~ · φj,m−1
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