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Quantum Mechanics

Schrödinger Equation

Hψ(r, t) =

[
− ~2

2m
∆ + U(r)

]
ψ(r, t) = i~

∂

∂t
ψ(r, t)

Where H is a hamiltonian operator. If H is time
independent separation of variables gives:

ψ(r, t) = Φ(r) · e− i
~Et[

− ~2

2m
∆ + U(r)

]
Φ(r) = EΦ(r)

The general time dependent solution is:

ψ(r, t) =
∑
n

an ·Φ(r)e−
i
~Et

Where an are found through the boundary condi-
tions (t = 0):

an =

∫
Φn ∗ (r) ·ψ(r, t = 0) d3r

Operators

Linear Operator

F (aΦ1 + bΦ2) = a · FΦ1 + b · FΦ2 ∀Φ1,Φ2

Eigenvalue, Eigenfunction

Fun = fnun

un is a eigen function to the operator F with cor-
responding eigenvalue fn.

Hermitian Operator∫
(Hu) ∗ v d3r =

∫
u ∗Hv d3r, ∀u, v

A hermitian operator has real eigenvalues and cor-
responding eigenfunctions can be choosen to be or-
thonormal. Practically all operators in quantum me-
chanics are linear and hermitian.

Eigenfunction Expansion

ψ(r) =
∑
n

anm · un(r), an =

∫
un ∗ ·ψ · d3r

Expansion Postulate

At a meassurement of an observable F on a system
described by a wavefunction ψ only eigenvalues of
the operator F can be found. The probability of the
result F = fn is given by

P (F = fn) =

∣∣∣∣∫ un ∗ψ d3r

∣∣∣∣2 , Fun = fnun

Momentum Operators

L2 = −~2
[

1

sin2 θ

∂2

∂ϕ2
+

1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)]

Lz =
~
i

∂

∂ϕ

L2 and Lz have normalized eigenfunctions
Υm
l (θ, ϕ) for which it holds that:

L2Υm
l = ~2l(l + 1)Υm

l

LzΥ
m
l = m~Υm

l

1



l m Υm
l (θ, ϕ)

0 0 Υ0
0 = 1√

4π

1 0 Υ0
1 =

√
3
4π cos θ

1 ±1 Υ±11 = ±
√

3
8π sin θe±iϕ

2 0 Υ0
2 =

√
5

16π

(
3 cos2 θ − 1

)
2 ±1 Υ±12 = ±

√
15
8π sin θ cos θe±iϕ

2 ±2 Υ±22 =
√

15
32π sin2 θe±2iϕ

Commutators and Momentum Operators

εijk =


1 ijk even

−1 ijk odd

0 otherwise

[xi, pj ] = i~ · δij

[xi, Lj ] = i~ · εijk · xk

[Li, Lj ] = i~ · εijk · Lk

[xi, xj ] = [pi, pj ] = 0

[pi, Lj ] = i~ · εijk · pk

J+ = Jx + iJy

J− = Jx − iJy

J±J∓ = J2 − J2
z ± ~ · Jz

[J+, J−] = 2~ · Jz

[Jz, J±] = ±~ · J±

J+φj,m =
√

(j −m)(j +m+ 1 · ~ · φj,m+1

J−φj,m =
√

(j +m)(j −m+ 1 · ~ · φj,m−1

Υl
l(θ, ϕ) = (−1)l

√
2l + 1)

4π

(2l)!

22l(l!)2
· sinl θ · eilϕ

Applications

0.0.1 Low potential with infinitely rigid walls
in one dimension

U(x) =

{
∞ x ≤ 0, a ≤ x
0 0 < x < a

Φn(x) =

{
0 for x ≤ 0 and a ≤ x√

2
a sin nπx

a for 0 < x < a

En =
π2~2n2

2ma2

Harmonic Oscillator 1D

U(x) =
1

2
mω2x2 =

1

2
kx2

Nn = (2nn!)−1/2
(mω
π~

)1/4
Hermites polynom:

Hn(ξ) = (−1)n · eξ
2

· d
ne−ξ

2

dξn

Φn(x) = Nn · e−
mω
2~ x

2

·Hn

(√
mω

~
x

)

En = ~ω ·
(
n+

1

2

)

2



The wave equations can alternatively be written:

un(x) = N

(
∂

∂x
− ax

)n
· u0(x)

u0(x) = e−ax
2/2

Spherical Symmetric Potential

U(r) = U(r)

H = − ~
2mr2

∂

∂r

[
r2
∂

∂r

]
+

L2

2mr2
+ U(r)

Hψnlm(r) = Enlmψnlm(r)

ψnlm(r) =
Gnl(r)

r
Υm
l (θ, φ)

Radial equation:

− ~2

2m

d2

dr2
G(r) +

[
l(l + 1)~2

2mr2
+ U(r)

]
G(r) = EG(r)

Hydrogen-like Atom

U(r) = − Ze2

4πε0r

The Schrödinger equation simplifies to:[
∆ +

2Z

a0r
+

2mE

~2

]
Φ(r) = 0

Radial wave functions of hydrogenic atoms:

n l Rnl(r)

1 0 R10(r) = 2
(
Z
a0

)3/2
e−ρ/2

2 0 R20(r) = 1
2
√
2

(
Z
a0

)3/2
(2− ρ)e−ρ/2

2 1 R21(r) = 1
2
√
6

(
Z
a0

)3/2
ρe−ρ/2

3 0 R30(r) = 1
9
√
3

(
Z
a0

)3/2 (
6− 6ρ+ ρ2

)
e−ρ/2

3 1 R31(r) = 1
9
√
6

(
Z
a0

)3/2
ρ(4− ρ)e−ρ/2

3 2 R32(r) = 1
9
√
30

(
Z
a0

)3/2
ρ2e−ρ/2

E − n = − mZ2e4

32π2ε20~2n2
= − Z2~2

2a20mn
2

= −13.6
Z2

n2
eV

S(x, t) =
~

2im

[
ψ∗ · ∂ψ

∂x
−ψ ∂

∂x
ψ∗
]

Disturbance Calculations

Time independent disturbance:(
H0 +H ′

)
ψ′m = E′mψ

′
m

H0ψn = E0
nψn

}
=⇒

E′m = E0
m + 〈m|H ′|m〉+

∑
n 6=m

| 〈m|H ′|n〉 |2

E0
m − E0

n

ψ′m = ψm +
∑
n 6=m

∫
ψ∗nH

′ψm d3r

E0
m − E0

n

ψn

Time dependent disturbance:

H = H0 +H ′

H0 Time independent

H0ψn = E0
nψn

Hψ′ = i~ ∂
∂tψ

′

 =⇒
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ψ′m =
∑
n

amn(t)ψn

ȧmn = − i
~
e−i(Em−En)t/~ ·H ′nm

”Golden Rule”

The transition probability per unit of time wf←i for a
transition from the state ψi to a group of states F =
{ψf} with energy sinE0

i for a system characterized
by the state density ρ(E) is given by:

wf←i =
2π

~
| 〈f |H ′|i〉 |2E0

i≈E0
f
· ρ(E0

f )

Dispersion (Born Approximation)

dσ

dΩ
= |f(ξ, η)|2

f(ξ, η) =
m

2π~2

∫
ei(ki−kf )·r · v(r) d3r

For spherical symmetrical potential:

f(ξ, η) =
2m

~2K

∫ ∞
0

sin(Kr)·r·v(r)dr, |K| = 2k·sin
(
ξ

2

)
Spherical box-potential:

V (r) =

{
−V0 r ≤ a
0 r > a

f(ξ, η) = −2mV0
~2

· sin(Ka)−Ka cos(Ka)

K3

Screened Coulomb Potential:

v(r) = −A
r
· e−αr

dσ

dΩ
=

(
2mA

~2
(
α2 + 4k2 sin2(ξ/2)

))2

σ =

(
Am

~2

)2
16π

α2 (α2 + 4k2)

When α→ 0,
dσ

dΩ
→
(
Am

~2

)2
1

4 (k sin(ξ/2))
4

Periodic Potential

V (x) =
0 n(a+ b) < x < n(a+ b) + a

V0 n(a+ b) + a < x < (n+ 1)(a+ b)

}
Continuity Requirements:

cos k1a·cos k2b−
k21 + k22
2k1k2

sin k1a·sin k2b = cos(k(a+b)), V0 < E

cos k1a·coshκb−k
2
1 + κ2

2k1κ
sin k1a·sinhκb = cos(k(a+b)), V0 < E

Phase and group speed:

vf =
ω

k
, vg =

dω

dk
=
dE

dp

Effective mass:

m∗ =

(
1

~2
d2E

dk2

)−1
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